In this article, we investigate the eigenvalues of nonsingular fractional second-order Sturm-Liouville problem. The fractional derivative in this paper is in the conformable fractional derivative sense. We implement the reproducing kernel Hilbert space method to approximate the eigenvalues. Convergence of the proposed method is discussed. The main properties of the Sturm-Liouville problem are investigated. Numerical results demonstrate the accuracy of the present algorithm. Comparisons with other methods are presented.
Introduction
The Sturm-Liouville eigenvalue problem has several applications in modeling many physical problems. The theory of the problem is well developed and many results have been obtained concerning the eigenvalues and corresponding eigenfunctions. It should be noted that since finding analytical solutions for this problem is an extremely difficult task, several numerical algorithms have been developed to seek approximate solutions. In 1970 and 1977, Djrbashian [1] and Nahusev [2] studied the fractional Sturm-Liouville eigenvalue problem. In [1] , the existence of a solution to such boundary value problem was established. In [2] , the aforementioned relation between eigenvalues and zeros of Mittag-Leffler function was shown. Al-Mdallal [3] used the Adomian decomposition method computed the eigenvalues of the present problem. Abbasbandz [4] used the Homotopy analysis method to numerically approximate the eigenvalues of the fractional SturmLiouville Problems. Ertürk [5] used the fractional differential transform method to compute the eigenvalues of Sturm--Liouville problems of fractional order. Luchko [6] used the Fourier series to solve this problem. Neamatz et al. [7] and Shi et al. [8] used the method of Haar wavelet operational matrix. In [9] [10] [11] [12] [13] , researchers extended the scope of some spectral properties of fractional Sturm-Liouville problem. http://www.ispacs.com/journals/cna/2017/cna-00325/ International Scientific Publications and Consulting Services Variational methods and Inverse Laplace transform method applied in [14] [15] , respectively. Recently P. Antunes and R. Ferreira [16] constructed numerical schemes using radial basis functions while B. Jin and et [17] used Galerkin finite element method to solve the problem. In this paper, we develop a numerical technique for approximating the eigenvalues of the following nonsingular fractional Sturm-Liouville problem of the form [ ( ) ′ A few examples of such applications are pendulums, vibrating and rotating shafts, viscous flow between rotating cylinders, the thermal instability of fluid spheres and spherical shells, earth's seismic behavior and ring structures; for more details, see [18] , [19] , [21] , [26] , [29] , [31] . Note that Equation (1.1) is often referred to as the circular ring structure with constraints which has rectangular cross-sections of constant width and parabolic variable thickness; see [27] and [32] . Historically, problem (11.) had been studied theoretically for α=1 by [23] who showed that it has an infinite sequence of eigenvalues { ₀, ₁, ₂, . . . } with the following property < ₀ ≤ ₁ ≤ ₂ ≤. . . where lim →∞ = ∞, and is a constant and each eigenvalue has multiplicity at most 3. However, the numerical treatment of such problems has always been far from trivial which, therefore, attracts several authors to initiate or apply different numerical methods to investigate their solution. For instance, Lesnic and Attili [28] used the Adomian decomposition method (ADM) whereas Greenberg and Marletta [24] developed their own code using Theta Matrices (SLEUTH). Recently, Syam and Siyyam [30] implemented the iterated variation method. The present work is motivated by approximating the eigenvalues of problem (1.1) using the Reproducing kernel Hilbert space method (RKHSM) which has better accuracy level. The RKHSM which accurately computes the series solution is of great interest to applied sciences. This technique gives the solution in a rapidly convergent series with components that can be easily computed. This method is used for the investigation of several scientific applications, see [20] , [25] , and [33] . This paper is organized as follows. In section 2, we present some preliminaries which we will use in this paper. A description of the RKHSM for discretization of the fractional second-order Sturm-Liouville problem (1.1) is presented in section 3. In addition, the existence and the uniformly convergent of the eigenfunctions are given in this section. Several numerical examples and comparisons with other methods are presented in Section 4. Conclusions and closing remarks are given in Section 5. http://www.ispacs.com/journals/cna/2017/cna-00325/ International Scientific Publications and Consulting Services
Preliminaries
In this section, we review the definition and some preliminary results of the conformable fractional derivatives as well as the α-fractional integral and their properties. Among the properties of the conformable fractional derivatives, we mention the following properties. Let 0 < < 1 and , be -differentiable at a point > 0. Then,
Definition 2.2.
The -fractional integral is defined by
where the integral is the Riemann improper integral and ∈ (0,1). For more details, see [22] .
Among the properties of the -fractional integral, we mention the following property. If ( ) is any continuous function in the domain of and ≥ 0, ( ) = ( ). The reproducing kernel is given by this definition.

Definition 2.3. Let be a nonempty set. A function : × → is a reproducing kernel of the Hilbert space if and only
if  (. , ) ∈ ∈ ,  ( (. ), (. , )) = ( ) ∈ ∈ .
The second condition is called the reproducing property and a Hilbert space which possesses a reproducing kernel is called a reproducing kernel Hilbert space (RKHS)
; for more details, see [34] .
Analysis of RKHSM for solving the eigenvalue problem
In this section, we discuss how to solve the following non-singular fractional Sturm-Liouville problem of the form http://www.ispacs.com/journals/cna/2017/cna-00325/ International Scientific Publications and Consulting Services 
The eigenvalues of the non-singular Sturm-Liouville problem (3.5) are well know. For this reason, we assume that 0 < < 1. Using the properties mentioned in the previous section, we can Equation (3.3) as
Assume that (0) = ₁ and ′(0) = ₂. To homogenize these conditions, we assume that
Since ₀² + ₁² > 0 and ₁ ₀ + ₂ ₁ = 0, we have the following two cases.
 If ₀ = 0, ₂ = 0 and we have only one unknown which is ₁.
and we have only one unknown which is ₂.
Using the first boundary condition, we can find the values of μ₁ and μ₂. We use the second boundary condition to find the eigenvalues of Equation 
In this case, ( , ) is given by
Proof. Using the integration by parts, one can get Thus, for any ∈ [0,1], 
Numerical examples
In this section, we apply the RKHSM outlined in the previous sections to solve numerically the following two examples. Note that the maximum number of terms in the series solution is taken as = 12 for all examples considered in this paper. 
Using the change of variable ( ) = ( ) − ₁, we get
We report the first five eigenvalues in Table 1 . The eigenfunctions corresponding to these eigenvalues are shown in Figure (1 In Table 2 we report the values of , for , = 1,2, . . . ,5 with ≠ . We report the first five eigenvalues in Table 3 . The eigenfunctions corresponding to these eigenvalues are shown in Figure ( 2). In Table 4 we report the values of , for , = 1,2, . . . ,5 with ≠ . 
Conclusions
In this paper, we have developed a numerical technique to find the eigenvalues of non-singular secondorder fractional Sturm-Liouville problem. The method of solution is based on RKHSM. The numerical results for the examples demonstrate the efficiency and accuracy of the present method. From the two examples which we mentioned in the previous section, we notice that our technique is very efficient for computing the eigenvalues of the fractional second order problems. It is competes the method in [3] and gives better and faster results. We end this section by the following remarks.
 From Examples (4.1) and (4.2), we can find as much eigenvalues as the model requires with the following property ₁ < ₂ < ₃ <. . . < _{ } <. . .. while in <cite>q1</cite> only three eigenvalue can be found.  From Examples (4.1) and (4.2), the orthogonality property (1) and (2), we see that corresponding to each eigenvalue is a unique (up to a normalization constant) eigenfunction ( ) which has exactly − 1 zeros in (0,1).  We notice that the conformable fractional derivative sense is more suitable to study the fractional second-order Sturm-Liouville problems than the Caputo fractional derivative sense.  The results in this paper confirm that RKHSM is a powerful and efficient method for solving fractional second-order Sturm-Liouville problems in different fields of sciences and engineering.  RKHSM is excellent tool due to rapid convergent.  The existence and uniformly convergent are proven in Theorems (3.3) and (3.4).order to assess the advantages and the accuracy of the numerical scheme for solving multi-order linear fractional differential equations, we have applied the method to three different examples. All the results are calculated by using the Matlab.
